Much like tree rings on trees, many fish preserve a record of their growth history in annular rings on fish scales and other bony parts. The number of rings provides the age of the fish at capture, and the increment between the rings is a measure of annual growth. We use data from four samples (two years, two gear types) of smallmouth bass in West Bearskin Lake, Minnesota.
Much like tree rings on trees, many fish preserve a record of their growth history in annular rings on fish scales and other bony parts. The number of rings provides the age of the fish at capture, and the increment between the rings is a measure of annual growth. We use data from four samples (two years, two gear types) of smallmouth bass in West Bearskin Lake, Minnesota.
> loc <-"http://www.stat.umn.edu/~sandy/SMBassWBlong.txt" > data <-read.table (loc, header=TRUE) [, c(3, 4, 5, 6, 9, 10, 11, 12) The variables year and age are, respectively, the year of capture and age at capture. The yearclass is the year in which the fish was born, and gear is the gear used for fishing, either T for trapnetting done in the spring or E for electrofishing done in the fall. Each row of the data file has information about one increment, so for example a six year old fish would contribute six lines to the data file. There were 430 fish in the study. The tables below give counts of the number of increments.
> library(xtable) > xtable(xtabs(~yearclass + age, data), digits=0) 1  2  3  4  5  6  7  1983 177 177 177 177 177 119 48  1984  32  32  32  32  24  14  0  1985  1  1  1  0  0  0  0  1986  18  18  16  7  0  0  0  1987 150 131  84  0  0  0  0  1988  39  23  0  0  0  0  0  1989  3  0  0  0  0  0  0 The xtable function produces L A T E X output, and xtabs tabulates the data.
Weisberg (1993, Can. J. Fish. Aquat. Sci., 50, 1229) proposed a fixed-effects linear model for growth based on annular increments. We define y cka to be the a-th annular increment for the k-th fish from year-class c. Then the basic fixed-effects model can be described by the equation
where ι a is the intrinsic growth or annular increment for a fish in the a-th year of life, η is the environmental effect for year = c + a − 1, which is the year in which a fish in year class c will be of age a. The e cka were assumed to be independent errors with mean zero and common variance σ 2 . Model (1) does not include an intercept, which allows an estimate to be obtained for ι a for each a. γ is a parameter to be estimated and g ck is a dummy variable equal to one if gear type used to catch the k-th fish in year-class c is T and equal to zero if the gear type is E. This model is easily fit with lm:
> data$age <-factor(data$age) > data$year <-factor(data$year) > m1 <-lm(inc~0 + age + year + gear, data=data)
The fixed-effects growth model has a number of defects. First, the estimates of the ι a and the η are not unique. For any constant m, adding m to each of theι a and simultaneously subtracting m from all theη would give a new set of estimates that gives the same fitted values as those produced above by R. R produces unique estimates by settingη = 0 for equal to the earliest year in the data; SAS would produce unique estimates by setting to zero the environmental effect with equal to the last year in the data, and other programs might do something else entirely. The result of this is to make the estimates depend on the years of sampling, and so comparison of estimates between locations or over disconnected time periods may be impossible. However, in comparisons between years or between ages within a single study the arbitrary constant m will cancel so these comparisons are meaningful.
Second, the assumption that the increments are independently distributed, with common constant variance was originally made for computational convenience, but can hardly be expected to reflect the reality of biological growth. All fish within a year are likely to be correlated, as environmental effects are likely to impact all fish in that year. Similarly, increments on the same fish will in most populations be (positively) correlated. Fish that grow poorly in year would typically be more likely to grow poorly in year + 1, while relatively larger fish in a year-class are more likely to continue to exhibit more growth in succeeding years.
A mixed-effects model
This section follows Weisberg, Spangler and Richmond (Can. J. Fish. Aquat. Sci., 67(2): 269-277 (2010) http://dx.doi.org/10.1139/F09-181). Each fish contributes more than one measurement, and so a random effect between fish should be expected. Similarly, treating years as a random effect, at least as a baseline model, can make sense in problems with data from many years.
We now assume that the random environmental effects h are random draws from a normal distribution with mean zero and variance σ 2 h . Similarly, let f ck be the random effect with zero mean and variance σ 2 f for the k-th fish of year-class c. The mixed model is
The R fit is > library(lme4) > print(n2 <-lmer(inc~0 + age + gear + (1|year) + (1|fish),data), corr=FALSE) This does a Type II anova, meaning that all main effects are adjusted for each other, all two factor interactions are adjusted for other two-factor interactions and main effects, and so on. This is the most appropriate general approach to analysis of variance. This appears to be the appropriate baseline model for these data, as it includes fixed intrinsic age effects, predicted random effects for years, and also models within-fish correlation by allowing each fish to have its own overall level of growth that applies to all increments on that fish. The estimated within fish correlation is .0502/(.0502 + .0268 + 0.0825) = 0.314. The estimate of σ 2 f is larger than the estimate of σ 2 h , but smaller than the estimate of σ 2 . Apparently most of the variation in these data is between fish and the random error not otherwise modeled in (2).
The "estimates" of the year random effects, which are of primary interest to the fish ecologists, can be recovered using the rather obscure commands Here is a reasonable graph that summarizes the fish effects, namely a density estimate. 
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Mixed-effects with random effect interactions
A valid criticism of the fixed effects model is that if a year×age interaction is present, the model becomes too complex to be of much practical use. A mixed model with interactions is much simpler:
This adds only one new variance term σ 2 ih for interaction rather than a large number of fixed effects terms. The predictions for the year main effects are still valid and useful.
> print(n3 <-lmer(inc~0+age+gear+(1|year)+(1|year:age)+ + (1|fish),data),corr=FALSE) The interaction model provides a decrease in AIC. Also, the two models can be compared using the asymptotic χ 2 distribution of the difference in deviances, with p-value of zero to three decimals. The year:age interaction is larger than the year variance, suggesting that for this particular data set the interactions are more important than previously claimed. The plot of the year effects shown above indicates that the apparently poor years of 1985 and 1986 may not have been as poor as suggested in the no-interaction model, and the years 1983 and 1984 might be better than previously reported. We can summarize the three models using a couple of graphs. First, define a useful function that uses the plotrix package.
> coefplot <-function(xaxis,coefs,ses,col="black",...) { + require(plotrix) + plotCI(xaxis,coefs,ses,...) + lines(xaxis,coefs,lty=2,col=col)} > m1.coefs <-summary(m1)$coef > par(mfrow=c(1,2)) > coefplot(1:7, fixef(n2) [1:7] , sqrt(diag(vcov(n2))[1:7]), xlab="Age", + pch="N", ylab="Increment", ylim=c(1.0, 1.55)) > coefplot(.1+(1:7), fixef(n3) [1:7] , sqrt(diag(vcov(n3))[1:7]), + pch="I", add=TRUE, col="red", scol="red") > coefplot(1:7, m1.coefs[1:7,1], m1.coefs[1:7,2], xlab="Age", + pch="F", ylab="Increment", col="blue", scol="blue", add=TRUE) > legend("bottomleft", legend=c("NoInt", "Int", "Fixed"), + col=c("black", "red", "blue"), pch=c("N","I","F")) > # year plot > coefplot (1983:1989,out[1, ] , out[2, ], + pch="N", xlab="Year", ylab="Increment", ylim=c(-.5, .3)) > coefplot (.1+(1983:1989) ,out1[1, ],out1[2, ], add=TRUE, + pch="I", col="red", scol="red") > coefplot (1983:1989, c(0,m1.coefs[8:13, 1] ), c(0,m1.coefs[8:13, 2]), + pch="F", xlab="Age", ylab="Increment", + col="blue", scol="blue", ylim=c(1.0, 1.55), add=TRUE) > legend("bottomleft", legend=c("NoInt", "Int", "Fixed"), + col=c("black", "red", "blue"), pch=c("N", "I", "F")) 
Next steps
1. Delete year 1 increments and refit.
2. Nonlinear mixed effects: rather than fitting a factor for age t, fit g(t, θ). For example, a usual The von Bertalanffy function posits that y(t) = L ∞ (1 − exp(K(t − t 0 ))) + error where L ∞ is the theoretical limit to size, K is a rate parameter, and t 0 is a negative value that guarantees that y is positive at birth, t = 0. Now the data we use is repeated increments on a scale, and so the increment for age t ≥ 1 is, apart from error terms, increment = y(t) − y(t − 1)
We could fit with a mean function like y~Linf*exp(K*(t-t0))*(1-exp(-K)) + (1|fYear) + (1|fish)
to estimate L ∞ , K and t 0 , using nlmer.
3. Explore the "estimated" ih random effects.
